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Abstract 

Microscopic tests of the exact results are performed in N=2 SU(2) supersymmetric 
QCD. We construct the multi-instanton solution in N=2 supersymmetric QCD and cal- 
culate the two-instanton contribution J^2 to the prepotential explicitly. For Nj = 1, 2, 
instanton calculus agrees with the prediction of the exact results, however, for Nj = 3, 
we find a discrepancy between them. 
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1 Introduction 



Recently, much progress has been made in the study of the strongly coupled supersymmetric 
gauge theories. Under the holomorphy and the duality, the low energy effective actions of 
N=2 supersymmetric Yang-Mills theory and supersymmetric QCD in Coulomb phase are 
determined exactly for SU(2) gauge group|]l| and later for larger gauge groups0]-0. These 
low energy effective theories reveal the interesting results like the monopole condensation 
and new supersymmetric conformal field theories Q and so on. 

The exact results predict the non-perturbative corrections from instanton. Furthermore, 
it is known that the instanton calculus in the supersymmetric theories is fully controllable 
when the theories is weakly coupled |10], |Tl|. Therefore, the instanton calculus gives a non- 
trivial test of the exact results. Until now, the instanton calculi were performed in the pure 



Yang-Mills theories and all the microscopic calculi agree with the exact results [|T2|, |T3|, [T^, |15 



In this letter, we examine the consistencies between the instanton calculus and the exact 
results of N=2 supersymmetric QCD. Especially, we focus on the N=2 supersymmetric SU(2) 
QCD. In N=2 supersymmetric SU(2) QCD, there is a parity symmetry between hypermulti- 
plets, then only contributions from even number of instanton exist Thus the instanton 
corrections start from the two-instanton sector. In the following, we perform the two-instanton 
calculus in N=2 supersymmetric SU(2) QCD for Nf < 3 flavorsQand compare it with the exact 
results. 



2 The construction of multi-instanton 



First we will briefly summarize N=2 vector multiplet of supersymmetric instanton ||14||. The 
defining equations of N=2 vector multiplet of supersymmetric instanton are following; 

F = -F (1) 
= 0, 07/; = 0, (2) 
v^i[A,^] = 0. (3) 

When the coupling constant is small enough, the solution of the above equation dominates 
the path integral. In supersymmetric theories, the coupling dependence of the instanton 



""^In the following, we give the supersymmetric instanton in the two-instanton sector. However, the con- 
struction is applicable to the arbitrary number of multi-instantons. More details are given in [p4|. 
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contribution is fixed, then it is enough to consider the small coupling case. The first three 
equations in the above mean that is an instanton and A and ip are adjoint fermion zero 
modes. The last one is the supersymmetric version of the 't Hooft equation[0]. The multi- 



instanton solution is constructed by ADHM method ||17|, |T^. In the two-instanton sector, its 
explicit form is the following; 



A.. 



where is a quaternionic 3-dimensional column vector obeying 

N^M = 0, N^N = 1. 
Here M is a 3x2 matrix made up of quaternions; 



(4) 



(5) 



M 



ai 



Xo — X + as ai 
\ ai xq — X — 

0-3 



(6) 



4|as| 



[UJ2UJ1 - UJ1UJ2) 



The relation between ai and as is required by the reality condition of R = M'^ M and this 
ensures the anti-self-duality of F^^. The adjoint fermionic zero modes are the following [|19(]; 



A^, = iVt- [MrR''C^5l + ero.CR-\M'^y} N,, 
= iVt- [MrR-^C^5l + eraCR-\N^y} Nss, 



(7) 
(8) 



where 



Ms 



+ "^3s mis 
mis - m^s 



K =1 4^^ + nss riis 

nis 4:C,'s - nss 



(9) 




(2aims + uj2fJ'i - ^^^1/^2) 
2 (201^3 + cjsz^i -(^11^2) , 



(10) 
(11) 

(12) 



^We represent a quaternion as 2x2 matrix A^^^ = —iN^a^ 



fl^ flSS 
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The solution of Eq.(|^) is a sum of the solution of the homogeneous equation -D^0o = and a 
particular solution 

= 00 + 0/. (13) 

The explicit forms of 0o and 0/ are 



(14) 



where 



4 








(15) 




Moo/ ^ 




{ ° 


\ 




K = 


-i5l 







a , 


(16) 




\ -^51 , 






-« y 





A 



ijj 



00 



a = -— {fiiU2 - ^21^1 + 2m3ni - 27711^3) , 
L = \uji\^ + |cj2p, H = L + 4|ai|2 + 4|a3p, 



(17) 

(18) 
(19) 



In N=2 supersymmetric QCD, there appear N j hypermultiplets in the theory. The N=2 
hypermultiplets of supersymmetric instanton are characterized by the following equations; 

= 0, ^q = 0, (20) 

D'^Q - V2i\q = 0, D^Q + V2iq\ = 0, (21) 
D^Q^ - V2i# = 0, D^Q^ - V2i^q = 0. (22) 

The first two equations indicate that q and q are the fundamental fermionic zero modes P(]|; 

QU = KCf, g/^ = (23) 

where the indices a, r and / of g and q are a spinor, color and flavor index respectively. \1/ is 
a following normalized function. 

The solution of Eq. (|2T| ) and ( ^2] ) is given by 

\/2i 



(24) 



An 
V2t 



N^'-'MrR-'Cf, Qfr 



y/2i 

V2i 



Arc 



(25) 
(26) 



In N=2 supersymmetric QCD, the anti-scalar component of N=2 vector multiplet satisfies the 
following equation. 

£)2^ta _ ^iqT^q = 0. (27) 

The solution of Eq. (|27|) is given by, 

0^ = 0j + 0j, (28) 
0t = _,ivt-PAr,,, (29) 

where 



OOP 

-p 

The part of Lagrangian which gives the important contribution is the following; 



P=\ P \ , p=^~^. (30) 



g^C^ = tr {2(D^0)tD^0 + 2V2ig\[ij, 0^]} + {D^Q)^D^Q + D^Q{D^Q)^ 
+ V2i (q(t)q + Q^Xq - qXQ^ + #Q + Q^jq) 
= {tr(20tZ}^0) + (D^g)tg + (D^g)tQ} + ^2% (q<Pq + QtAg + g^g) . (31) 

The last equality follows from an integration by parts and the equation of supersymmetric 
instanton. To integrate the last term, we use the auxiliary solution g, 

qf = -^ersN^'' {KR-^M'^y - MrR-\M'^y + iF5l] M./'^R-^C, (32) 

which satisfies the equation; 

Pq + V2gU + V2#/ + V2Q^l) = -^r/, (33) 

where 

Using the auxiliary solution q and 0j, the last term of Eq.(|3TD becomes 

d,ti {2(D^0t)0o} - i^iqq) - te'^f'ers^vql (35) 
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From the normalization condition of \l/ and the asymptotic behaviors of q and the supersym- 
metric instanton, the action of supersymmetric instanton becomes 

SMggs = 167r2 [l|Aoo|' - ^ ) , (36) 



Syukawa = -4^271^ jz/fcAoo/Ufe + ^ (/iiZ^2 " /UaZ^i + 2m3ni - 2min3)| 
(/iiZ/2 - /i2Z^i + 2m3ni - 27/11^3) C/C/ + V2^C/C/- 



Comparing to the pure Yang-Mills case, the last two term in Syukawa are added. Note that a 
biquadratic term in Grassmannian variables appears in the action. This is a new feature in 



the N=2 supersymmetric QCD. The measure of the collective coordinate is given byPT|, P 



Cj J d'^Xod'^a^d'^uJid'^U2d'^$,d'^rn^d'^ j^id"^ jj,2d'^$,'d'^n^ (37) 



N 



f 



I |2 I |2 

X n Cfd Cf 77 exp { — Shiggs — Syukawa) , 



f=l ^ 

where the coupling constant g is absorbed by the redefinition of the collective coordinates and 

Cj = 2''+2iv,^-8^^-2iV/_ (38) 

3 Instanton calculus 

We calculate two-instanton contribution to (u) = (tr0^). Taking into account the super 
transformation, it is easy to find that the adjoint scalar contains the following part; 

= -V2t^^ + ■■■ = ^%ia^,^F^, + ■ ■ • , (39) 

where • ■ ■ includes the other fermionic zero modes and 0o- The normalization of supersym- 
metric modes, ^ and ^' is determined by the Eq(P). Then, u is given by. 



u = -2tr 



(MF^uf +■■■ (40) 



-er'tr(F^,F^,) + --- . (41) 



Therefore supersymmetric zero modes are saturated by inserting u, and we obtain the following 
result by performing the integration over the center of the instanton; 

J d^xo J d^^d^E,'u{x) = - J d^XotT [F^^(x - Xo)F^^{x - Xq)] = -3277^ . (42) 
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The other fermionic modes are hfted by the Yukawa terms in the action, and integrating out 
those modes except (f, (f, we obtain 



j (fm3(flJ-i(fll2d'^n3(fl'i(fu2 exp {-Syukawa) 



where 

m = I {\n\'\A,o\' + ^) ' + ^^^^u^V i\Aoom' - o;^) I , (44) 

y = ^- ^.CfCf- (45) 



V2 , 

The remaining Grassmann integrations are performed in the following; 
/ n d'Cfd^m exp (- v^^C/C/) = (-^^J E 2Nf. 



( ^ 


k gkf 






1 Qyk 


y=l 



(46) 



We change the integration variables from az,uji,uj2 to if, L, Q, and then the measure of the 
integral becomes. 



/ as — ai /-oo 

/ d^u;id^u;2 ^ — r dL [ d^il. (48) 
J 8 7o 7|n|<L 

With the change to a polar coordinate :a; = |yloo| cos 6* and the rescaling:^' = Q/L and 
H' = H/L, the measure is given by, 



oo 



— / dL [ d^n I dH 

16 Jo J\n\<L JL+2\a\ 



and J{y) becomes 

f{y) = \A^\^p'\^L^ cos'' eG{y-plH\e), (50) 



where 



G(y; in'l , ii', ^) = ^2 I (^1 + A cos^ ^) ' + ^-^^y' sm' 29^ . (51) 



Using Eg . (|37|) , (^21) , (^31) , (^61), (^) and ( ^OD and performing the integration of L , we obtain 
the two-instanton correction to (u), 

8-2Nf 



(52) 



where I{Nf) is defined by 
/ 



x(5- A;)! 1 



|^]'PCOS2 0^ 



r^T^ f M m 2W^.n/Mn/|6r dH' f \n'\ cos ^ ^ 



(53) 



:G'(2/;|l^'|,/f' 



2/=l 



y H' J \|^]'|2cos2e; Sy'^' 

and K = min[4, 2A^j]. The integral I{Nf) is comphcated but elementary. Finally we obtain 



1 rAr' 



(54) 



for A^/ = 2 , 



5 /As^^ 



2433 V a 



— 1 for Nf = 3. 



4 Exact results versus instanton calculus 



The low energy effective Lagrangians for N = 2 supersymmetric gauge theories are deter- 
mined by the holomorphic function JF, which is called the prepotential. According to |l|], the 
prepotential are determined by the elliptic curves; 



Nf = : = x^{x - u) + ^AqX, 

1 r' 



[X — u] 



(55) 
(56) 



in the SU{2) gauge theories. In the semiclassical limit, prepotential is expanded by the 
one-loop correction and fc-instanton contributions; 



(4 - Nf) In 



^^Nf I k=0 



(57) 
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In this convention, the coefficients J^2n+i vanish for Nf ^ 0. The vacuum expectation value of 
u is given as the function of by, 



ma) 



(58) 



{4-Nf)k^ 



> . 



From the Picard-Fuchs equation, we can obtain J-'k recursively! 
is given by. 



p{u)dlu - a{dauf = 0, 



The Picard-Fuchs equation 

(59) 



where 



p{u) 



( A{u' - At) 


for 


Nf 


= 0, 


. 2 27A? 
4u^ H 


for 


Nf 


= 1, 


^("^ - 1' 


for 


Nf 


= 2, 


u(4u - § 


for 


Nf 


= 3. 



(60) 



Only when Nf=0, one-instanton contribution J-'i does not vanish, and this coefficient agrees 
with microscopic one-instanton calculus, if we identify the dynamical scale Aq = \/2Ao[|n 
The two-instanton correction to {u) is given by J^2, and we obtain 



-13 / ^0 



5 ■ 2-^^ ( ^ ) ioT Nf = 0, 
3 • 2-'' 1 — 1 for Nf = l, 



{u)2 = 2c? X < 



-11 / A2 



2- ^ 



(61) 



for Nf = 2 



for 



/ 



The relation between the dynamical scales A^v^ is given by. 



2 A 8-2^/ _ ^8-2{JV;-l) 



m^A 



Nf 



Nf-1 



(62) 
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This decoupling relation also holds for A^r^, which we have examined in the instanton calculus 
of the massive N=2 supersymmetric QCD. Using the relation Aq = a/2Ao, we obtain the 
relation between the dynamical scales: A^^^^-*^ = IGA^^^^-*^. From this relation, we find that 
the microscopic instanton calculus agrees^ with the exact results for Nf = 0, 1, 2. However we 
also find a discrepancy between them for Nf = 3. 

In the similar way, we have evaluated the four-point function (\Xi/jip'j by the instanton 
calculus |jT2|, |14|, and have found that the non-trivial relation Eq.(^8D holds for Nf = 0, 1,2. 



For Nf = 3, this four-point function does not depend on J^2, therefore it is not useful to check 
the exact result. 



More detail and complete explanations of this letter will appear in the near future pi 
note added 



1. After the completion of this work, we learned that the four point function (XXipip) was 



calculated independently in [^| 



The formulas (H) and (H) hold for A^^ = 4 by replacing A^^ ^ with q = e'^^^ 1^ 
In this case. 

This result does not agree with the exact result, which is based on the assumption that no 
quantum correction appears in this case. After completing this calculation, we received 



the paper p6[, in which the quantum correction in the Nf = 4 theory was discussed. We 
thank M. P. Mattis for informing us of the appearance of their preprint and also thank 
K. Ito and N. Sasakura for the discussion on this point. 
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